It is generally believed that the inter-edge coupling destroys the quantum spin Hall (QSH) effect along with the gap opening at the Dirac points. Using first-principles calculations, we find that the quantized edge transport persists in the presence of inter-edge coupling in Ta intercalated epitaxial graphene on SiC(0001), being a QSH insulator with the non-trivial gap of 81 meV. In this case, the band is characterized by two perfect Dirac cones with different Fermi velocities, yet only one maintains the edge state feature. We attribute such an anomalous behavior to the orbitaldependent decay of edge states into the bulk, which allows the inter-edge coupling just between one pair of edge states rather than two.
I. INTRODUCTION
The groundbreaking work of the quantum Hall effect (QHE) 1 has opened a new avenue for the studies of boundary state physics in condensed matter. Recently, a new member, called quantum spin Hall effect (QSHE) 2, 3 , is brought into the family of Hall systems. Different from the chiral edge states induced by the external magnetic field in the QHE, the QSHE occurs without need of the magnetic field and the strong spin-orbit coupling (SOC) itself leads to the time-reversal symmetry protected helical edge states. This yields a substantial difference from the QHE, i.e., the states on the opposite edges can couple with each other to generate a bandgap and destroy the QSHE as the system width is reduced to be rather narrow. 4 Consequently, a topological phase transition occurs between QSH state and trivial insulator. Such an inter-edge coupling may also lead to rich physical phenomena as reported in other QH systems [5] [6] [7] .
Due to the SOC, there are two pairs of Dirac states on the edges in a QSH insulator. In principle, the inter-edge coupling can be described by a 4 × 4 matrix with two parameters R and T related to the two characteristic tunneling processes 8 , as schematically illustrated in Fig. 1 . Specifically, the process of R (T ) happens between the same (different) spins. R and T become significant only after a critical ribbon width. When the two edges are decoupled for a sufficient width, both R and T are zero and the system exists in the QSH state protected by the time-reversal symmetry. 9 When the two edges are close enough to each other, neither R nor T is zero and the inter-edge coupling produces a gap in the spectrum, hence destroying the QSH effect 4 . Intrinsically, the gap opening is resulted from the interactions of Diracfermions between two edges. However, the previous study 10 revealed that the interactions of two Dirac cones can also preserve the perfect Dirac spectrum without opening a gap, just renormalizing the Fermi velocity if only one of R and T is zero. In other words, the Dirac spectrum would remain robust in the presence of inter-edge coupling. More importantly, Delplace et al. 8 have shown that the backscattering is prohibited too for this case and the system is reduced to two decoupled copies of quantum Hall edge states. So far, the knowledge corresponding to the two cases of T = 0 and R = 0 or T = 0 and R = 0 has been wellestablished 4, 9 . It is naturally to ask: Whether is there a system that can realize the case of just T = 0 or R = 0?
In this paper, we reveal that the Ta intercalated epitaxial graphene on SiC 
II. METHOD AND MODELS
The calculations were performed using density-functional theory (DFT) with the projector augmented wave 11 method and the local density approximation (LDA) 12 for the exchange and correlation potential, as implemented in the Vienna ab initio simulation package 13 . The cutoff energy was set to 400 eV. We place a 2 × 2 graphene overlayer on top of a √ 3× √ 3R30
• 3 6H-SiC(0001) with one Ta atom intercalated between them (see Fig. 2 ). We model the SiC substrate with six SiC bilayers and fix the lower three at their respective bulk positions to simulate the bulk environment whereas fully relax all other atomic positions without any symmetry constraint until the residual forces are less than 0.01 eV/Å. We choose the vacuum layer thickness larger than 10Å. In the calculations for very wide ribbons (W = 26, 46), the SiC substrate is approximately modelled by one SiC bilayer, to achieve a balance between calculation efficiency and accuracy. Test calculations using narrower ribbons show that such a treatment yields an excellent description of the states near the Fermi level.
III. RESULTS AND DISCUSSION
We first explore the bulk properties of G/i -Ta/SiC. Note that the system possesses a significant Rashba splitting, which lowers the system bandgap a little to 81 meV as shown in Fig. 2 21 and is not the concern of this work.
In detail, the lowest unoccupied band is dominantly contributed from the Ta The topologically non-trivial edge states are the direct evidence for the QSH insulator.
Next we turn to study the electronic properties of G/i -Ta/SiC ribbons with different widths.
We consider the ribbons with zigzag termination because of not breaking the strong Ta Not including the SOC, as expected, the quantum size effect opens a band gap at the Γ point and the gap size decreases as the ribbon width increases (see the upper panel of Fig. 3 ).
Switching on the SOC, the band structure becomes very interesting. For W = 10 case, the SOC reduces the band gap at the Γ point while the remarkable Rashba splitting between the two spins leads to the indirect band gap feature as shown in Fig. 3(b) . Specifically, the Rashba splitting is rather asymmetric for the valence and conduction band. When the ribbon width increases to W = 26, it is found that the SOC has closed the band gap induced by quantum size effect as reflected in Fig. 3(d) . Now the Dirac cone spectrum has cone spectrum emerges, which would suggest the QSH state akin to the three dimensional counterparts 24, 25 . However, our explored ribbons possess the mirror symmetry. Consequently, the opposite edge states have to be two-fold degenerate strictly and the energy degeneracy must be four at the Γ point. Thus, the Dirac cone cannot be splitted as shown in Fig. 3(d) if there is no inter-edge coupling. These unambiguously show that W = 26 ribbon is still too narrow to decouple the edge states on the opposite sides although the Dirac cone spectrum emerges. In addition, we find that the unique Dirac cone band structure is not related to the mirror symmetry of W = 26 ribbon because a similar band is obtained in W = 28 ribbon which does not possess the mirror symmetry.
To further explore the character of Dirac states in W = 26 ribbon, we plot the real-space charge distribution at the represented k points as shown in Fig. 4(a) . It can be seen that the states shown in Figs When the ribbon is rather narrow, the Dirac cone is fully gapped due to the quantum size effect.
As the increase of ribbon width, the gap decreases and is finally closed, meaning a topological phase transition. However, there still exists the inter-edge coupling and the Dirac-fermions are contributed both from bulk and edge. Further increasing the ribbon width, the inter-edge coupling becomes negligible and the system enters the true time-reversal invariant QSH state. 
IV. CONCLUSION
To summarize, we investigate the evaluation of edge states as the ribbon width in the QSH insulator of G/i -Ta/SiC. We find a new topological phase that has not been noticed to date, locating between the well-developed true time-reversal invariant QSH phase and trivial insulator. In this new phase, the quantized edge transport is robust against the inter-edge coupling and no Dirac gap is opened. There is only one pair of edge states rather than two, distinctly different from the true time-reversal QSH state. We attribute this to the orbital-dependent decay of edge state into the bulk. Our work deepens the understanding of topological phase transition as well as the finite size effect in the QSH insulator.
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